Using the Berezin-Marinov pseudoclassical formulation of spin particle we propose a classical model of spin noncommutativity. In the nonrelativistic case, the Poisson brackets between the coordinates are proportional to the spin angular momentum. The quantization of the model leads to the noncommutativity with mixed spacial and spin degrees of freedom. A modified Pauli equation, describing a spin half particle in an external e.m. field is obtained. We show that nonlocality caused by the spin noncommutativity depends on the spin of the particle; for spin zero, nonlocality does not appear, for spin half, ∆x∆y ≥ θ 2 /2, etc. In the relativistic case the noncommutative Dirac equation was derived. For that we introduce a new star product. The advantage of our model is that in spite of the presence of noncommutativity and nonlocality, it is Lorentz invariant. Also, in the quasiclassical approximation it gives noncommutativity with a nilpotent parameter.
Introduction
The idea of using noncommutative (NC) coordinates in quantum mechanics appeared a long time ago. In [1] noncommutative coordinates were used to describe the charged particle in the strong magnetic field and in the presence of the weak electric potencial. In the last decade, remotivated by string theory arguments [2] , the subject gained a lot of interest and has been studied extensively (see e.g. [3] and [4] for reviews on noncommutativity in QFT and QM, respectively). The canonical noncommutative space can be realized by the coordinate operatorsx i , satisfying commutation relations [x i ,x j ] = iθ ij , where θ ij is an antisymmetric constant matrix.
Recently, other types of noncommutativity, different from the canonical, have also been considered. Thus, in [5] it was proposed a model of position dependent noncommutativity in quantum mechanics. In [6] a model of dynamical noncommutativity was discussed. The authors of [7] have proposed a three-dimensional noncommutative quantum mechanical system with mixing spacial and spin degrees of freedom. The noncommutative spatial coordinatesx i , the conjugate momentap i , and the spin variablesŝ i were supposed to satisfy the non-standard Heisenberg algebra:
where θ is the parameter of noncommutativity (a real number). We will call it spin noncommutativity. Later, in [8] it was elaborated an approach to the BoseEinstein condensation theory, based on the spin noncommutativity. Note that in 2 + 1 dimensions the relation between anyon spin and noncommutativity was discussed in [9] .
In the present work we will discuss some questions regarding the physical meaning and mathematical formulation of the spin noncommutativity (1).
It is known that canonical NCQM [4] can be obtained as a result of quantization of classical models, see e.g., [10] - [12] . The corresponding action functional appears as an effective action in path integral representation of NCQM [13] - [15] and can be used for study of global and local symmetries of the system [16] , etc. The first question is if there exists a classical model, which after quantization lead to the spin noncommutativity.
Another question is connected with nonlocality. Usually, noncommutativity means the presence of nonlocality, i.e., nontrivial uncertainty relations between the coordinates, ∆x i ∆x j ≥ something = 0.
The question is what is the form of nonlocality caused by spin noncommutativity? Also, it is important to understand how the presence of the spin noncommutativity can affect the relations between spin and statistics; however, we will not discuss it in the present paper.
The last point, we would like to discuss here, is how to formulate a consistent relativistic version of spin noncommutativity. In particular, we will obtain the modification of the Dirac equation in the case of spin noncommutativity.
The paper is organized as follows. In the Sec. 2 we discuss the classical model. The quantization of this model, constructed in Sec. 3, leads to the modified Pauli equation and not to the Schrodinger one. We also discuss the possibility of relativistic generalization of our model.
Particle spin dynamics and its noncommutative deformation
In [17] Berezin and Marinov have proposed 1 a classical model of the spin 1/2 particle, involving Grassmann degrees of freedom. In the nonrelativistic case, the classical mechanics of a particle with spin is constructed in the phase superspace, consisting of the six-dimmensional orbital subspace (x i , p i ) , i = 1, 2, 3, and threedimensional spin Grassmann subspace ξ i , ξ i ξ j + ξ j ξ i = 0. The Poisson bracket between two arbitrary functions f and g of the Grassmann variables is determined as follows,
This Poisson bracket is antisymmetric if both functions are even elements of the Grassmann algebra, and if one of them is an even element while other one is an odd element. If both functions are odd elements, the Poisson bracket is symmetric. For the canonical variables, the Poisson brackets are
The rotation group in the Grassmann subspace is generated by the spin angular momentum
The orbital angular momentum L i = ε ikl x k p l generates the rotation group in the orbital subspace,
The complete angular momentum is determined as being
The classical Hamiltonian action of the model reads
where
V 0 (x) and V 1 (x) are potential functions, and B (x) is a vector field. The term with V 1 in (5) is the spin-orbit interaction. The quantization of the theory (5) leads to the Pauli equation describing quantum nonrelativistic spin 1/2 particle. Now, let us deform the above model to obtain nonzero Poisson brackets between the coordinates, which may lead to noncommutativity after quantization. The simplest way to do it is to mix coordinates and momenta [12] ,
However, this breaks symmetries of the system, e.g., rotational symmetry, as x i N C is not a vector anymore (it does not transform as a vector, since θ ij is a constant matrix). To preserve rotational symmetry, one can mix coordinates and spin angular momentum:
These new coordinatesx i , like the old ones are even and transform like a vector,
The nonvanishing Poisson brackets, involving new coordinates, are
Let us suppose thatx i are "physical", i.e., observable coordinates. We note that the center of mass coordinates in the Schrodinger Zitterbewegung problem satisfy similar commutation relations asx i , see [19] . One can then treat Poisson brackets (9) as fundamental Poisson brackets of a new theory in a phase superspace (x, p, ξ). The graded version of the Jacobi identity in the deformed theory can be easily verified. The Hamiltonian of the deformed theory is H (x, p, ξ), where H (x, p, ξ) was determined in (6) .
In fact, this deformation is equivalent to the addition of new terms in the action (5), which disappear in the limit θ → 0. However, since we already have a consistent Hamiltonian formulation, which is necessary for the quantization, the exact form of these additional terms is immaterial. 2 
Quantization
In the course of quantization we replace the Poisson brackets (9) between the canonical variables by the commutator (anticommutator) of the corresponding operators
Renormalizing the operatorsξ i =σ i / √ 2,one gets the Clifford algebra with three generators
The only irreducible representation of this algebra is two-dimensional, it can be realized by the Pauli matrices σ i . Consequently,
One can see that the commutation relations involving the spatial coordinatesx i , the conjugate momentap i , and the spin variablesŝ i are exactly those in (1), as postulated in [7] . However, we have obtained these commutation relations as result of a consistent quantization of a corresponding classical theory.
The representation of the quantum algebra (1) iŝ
where I is the 2 × 2 unit matrix, andŝ i are determined in (12) . The modified Pauli equation, describing a nonrelativistic spinning particle in an external electromagnetic field is
where ϕ is a Pauli spinor and the Hamiltonian is given in (6). According to (1) one has the uncertainty relations
where |Ψ is a given state. Note, that since the operatorsŝ k do not commute, one can not measure simultaneously eigenvalues for all operatorsŝ k , one has to choose one of them, e.g.,ŝ z . If the particle has spin zero, thenŝ k |Ψ = 0, there is no nonlocality in this case. For the spin s different from zero, one has:
Substituting this in (15) one has ∆x∆y ≥ θ 2 |s z | .
For the particle with the spin s = 1/2, ∆x∆y ≥ θ So, for the spin noncommutativity, nonlocality is proportional to the quantum number s z , i.e., depends on the spin of the particle. Physically one can interpret this result as follows: the maximal precision to localize the particle depends on its spin.
Relativistic generalization
In the relativistic case, the Hamiltonian form of the Berezin-Marinov action is
here ξ µ , ξ 5 are Grassmann variables, describing spin degrees of freedom, λ and χ are Lagrange multipliers, λ-commuting and χ-anticommuting. Nonvanishing Poisson brackets between the canonical variables are
where g µν =diag(1, −1, −1, −1). Also, one has two first-class constraints:
Observe that T 1 is an odd element of the Grassmann algebra, therefore the Poisson bracket of T 1 with T 1 is not zero, but
By its definition, T 2 is even, so that {T 2 , T 2 } = 0, and
due to the Jacobi identity. Thus, we have proved that (18) are indeed first-class constraints.
Generators of the Lorentz group J µν are defined as
In the classical theory
To construct relativistic generalization of the spin type noncommutativity we introduce new coordinatesx
is the Pauli-Lubanski vector. By the definition,x µ is an even element of the Grassmann algebra, and it transforms like a vector,
The Poisson brackets involving new coordinates are
Again, we treat coordinatesx µ as "physical" coordinates and Poisson brackets (25) as the fundamental Poisson brackets of a new theory in a phase superspace (x, p, ξ). The constraints (18) should be modified. We postulate the form of the first constraint asT
As in undeformed case, it is an odd element of the Grassmann algebra, sincex µ is even. Following (19) we determine the second constraint as
It is even, since the Poisson bracket of two odd elements is always even. Therefore, T 2 ,T 2 = 0, and
due to the Jacobi identity. Thus, the modified constraintsT 1 = 0 andT 2 = 0 are again first-class constraints.
Noncommutative Dirac equation
After quantization the Poisson brackets (25) will fix the commutation (anticommutation) relations between the corresponding operators
The operatorsξ µ ,ξ 5 are generators of the Clifford algebra C 5 . Its representation is four dimensional and is given by the Dirac matrices:
The representation of the operators of noncommutative coordinatesx µ and momentap µ isx
where I is 4 × 4 unit matrix, and
The first equation of (31) is the analog of the Bopp shift; it can be also represented asx
Following [21] we define the star product through the Weyl symmetrically ordered operator product as
andf (p) is the Fourier transform of f . This product is associative due to the associativity of the operator products. Since,
the exponential in the integral (35) can be represented as
So,
the result of the action of the polydifferential operator on a constant is a function. The equations (34) and (37) yield the following formula
where the right hand side means an action of a polydifferential operator on a function. The equation (38) can be written as
Finally we obtain the expression for the star product as
The first-class constraints (26), (27) are converted into conditions on the physical statesT
where some ordering should be specified. We choose the Weyl ordering. Using the representation (30)-(33) of the algebra (29) one writes the first equation of (40) as
Taking into account the definition of the star product (39), the above equation can be represented in the form
We call this equation as noncommutative Dirac equation. In contrast to the case of canonical noncommutativity, it is a relativistic equation (in the sense of special relativity), covariant under the Lorentz transformation
where S (Λ) belongs to the usual spinor representation of the Lorentz group. This assertion follows by a direct use of the identities
The second equation of (40) is a consequence of the first one, sinceT 2 = T 1 2 . Note, that a quasiclassical approximation in the spin degrees of freedom (e.g., a partial quantization of bosonic coordinates only) leads to the noncommutativity with bifermionic NC parameter [22] :
Similar constructions also appeared in the context of nonanticommutative superspace [23] . Nilpotent noncommutativity can improve the renormalizability properties of noncommutative theories, [24] .
Conclusions
In the present paper we have derived a model of noncommutativity with mixed spatial and spin degrees of freedom. For that we have constructed a consistent deformation of the Berezin-Marinov pseudoclassical formulation of spin particle. In the nonrelativistic case the deformed coordinates are the sum of the initially commutative coordinates and the spin angular momentum,x i = x i + θS i . The Poisson brackets between the deformed coordinates are proportional to the spin angular momentum, which leads to the spin noncommutativity after quantization. In the relativistic case the deformed coordinates are the sum of the commutative coordinates and the Pauli-Lubanski vector,x µ = x µ + θW µ . Also we have obtained the modified Pauli equation (in the nonrelativistic case) and the noncommutative Dirac equation (in the relativistic case), describing spin half particle in an external electromagnetic field in the presence of the spin noncommutativity. Nonlocality in our model depends on the spin of the particle.
We stress that the noncommutative Dirac equation (42) is covariant under Lorentz transformations. Therefore, it can be used as a basis for the construction of a consistent relativistic noncommutative field theory. The next step in this way is to introduce the trace functional on the algebra of the star product (40) and to construct corresponding action functional for the noncommutative Dirac field. Also, stell in the context of quantum mechanics, it would be interesting to study phenomenological effects caused by the spin noncommutativity on the examples of exact solvable QM models like Hydrogen atom, Landau problem, AharonovBohm effect, etc.
